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INVARIANT SUBSPACE THEOREMS
FOR FAMILIES OF OPERATORS ON
BANACH SPACES AND BANACH LATTICES
SUMMARY
In this thesis, the invariant subspace problem is studied for certain families of
linear bounded operators on Banach spaces. We also consider families of positive
operators on Banach lattices.
This thesis is divided into four chapters.
In the first chapter, we give a brief history of the invariant subspace problem.
Then the relation of the work in the thesis with the existing works on this subject
is established.
The notion of a compact-friendly operator was introduced in 1994 by Y.A.
Abramovich, C.D. Aliprantis, and O. Burkinshaw. They proved that every
non-zero locally quasinilpotent compact-friendly operator on a Dedekind
complete Banach lattice has a non-trivial closed invariant ideal. In Chapter 2, we
show that Dedekind completeness is not necessary and that the Banach lattice
having separating orthomorphisms is sufficient. We also generalize a theorem
due to R. Drnovsek in 2001 by using the concept of compact-friendliness.
In Chapter 3, we give an invariant subspace result for a semigroup of positive
operators on a Banach space with a (Schauder) basis. This is a generalization
of a theorem of Y.A. Abramovich, C.D. Aliprantis, and O. Burkinshaw in 1995.
This theorem states that for a positive continuous operator defined on a Banach
space with a basis if it commutes with a non-zero positive locally quasinilpotent
operator, then it has a non-trivial closed invariant subspace. By using the notion
of weakly quasinilpotence introduced in 2004 by Z. Ercan and S. O¨nal, we then
generalize our result to topological vector spaces with Markushevich basis.
In Chapter 4, collectively compact sets of linear bounded operators on infinite
dimensional Banach spaces are studied in connection with the invariant subspace
problem. We give some invariant subspace results with respect to the joint
spectral radius and its local version for these sets. It is also shown, in a special
case, that any collectively compact set of operators satisfies the Berger-Wang
formula.
v
BANACH UZAYLARI VE BANACH O¨RGU¨LERI˙
U¨ZERI˙NDE TANIMLI OPERATO¨R AI˙LELERI˙ I˙C¸I˙N
DEG˘I˙S¸MEZ ALTUZAY TEOREMLERI˙
O¨ZET
Bu tez c¸alıs¸masında, Banach uzayları u¨zerinde tanımlı dog˘rusal sınırlı
operato¨rlerin olus¸turdug˘u bazı aileler ile Banach o¨rgu¨leri u¨zerinde tanımlı
pozitif operato¨rlerin olus¸turdug˘u bazı aileler ic¸in deg˘is¸mez altuzay problemi
incelenmis¸tir.
Bu c¸alıs¸ma do¨rt bo¨lu¨me ayrılmıs¸tır.
Birinci bo¨lu¨mde, deg˘is¸mez altuzay probleminin kısa bir tarihi verilmis¸tir. Daha
sonra, bu tez c¸alıs¸masında go¨zo¨nu¨ne alınan konuların, aynı konularda var olan
c¸alıs¸malar ile ilis¸kisi irdelenmis¸tir.
Kompakt-yakın operato¨r kavramı ilk olarak 1994 yılında Y.A. Abramovich,
C.D. Aliprantis ve O. Burkinshaw tarafından tanımlanmıs¸ olup, bir Dedekind
tam Banach o¨rgu¨su¨ u¨zerinde tanımlı yerel yarınilpotent ve kompakt-yakın
olan her sıfirdan farklı operato¨ru¨n, as¸ikaˆr olmayan kapalı deg˘is¸mez bir ideale
sahip oldug˘u go¨sterilmis¸tir. Bu tez c¸alıs¸masının ikinci bo¨lu¨mu¨nde, Banach
o¨rgu¨su¨nu¨n Dedekind tam olması yerine, bundan daha genis¸ bir o¨zellik olan
Banach o¨rgu¨su¨nu¨n ortomorfizmaları ayırma o¨zellig˘ine sahip olmasının yeterli
oldug˘u go¨sterilmektedir. Ayrıca, 2001 yılında R. Drnovsek’in bir teoremi,
kompakt-yakınlık kavramı kullanılarak genelles¸tirilmektedir.
U¨c¸u¨ncu¨ bo¨lu¨mde, Schauder tabanına sahip bir Banach uzayı u¨zerinde tanımlı
pozitif operato¨rlerden olus¸an yarıgruplar ic¸in bir deg˘is¸mez altuzay teoremi
verilmektedir. Bu teorem, Y.A. Abramovich, C.D. Aliprantis ve O.
Burkinshaw’ın 1995 yılında tek bir operato¨r ic¸in go¨sterdikleri, Schauder tabanına
sahip bir Banach uzayı u¨zerinde tanımlı pozitif bir operato¨ru¨n, bu operato¨r ile
deg˘is¸meli olan sıfırdan farklı bir pozitif operato¨ru¨n yerel yarınilpotent olması
durumunda, as¸ikaˆr olmayan kapalı deg˘is¸mez bir altuzaya sahip oldug˘unu belirten
teoreminin bir genelles¸tirilmesidir. Ayrıca bu teorem, Z.Ercan ve S.O¨nal
tarafından 2004 yılında tanımlanan zayıf yarınilpotentlik kavramı kullanılarak,
Markushevich tabanına sahip topolojik vekto¨r uzaylarına genis¸letilmektedir.
Do¨rdu¨ncu¨ bo¨lu¨mde ise, Banach uzayları u¨zerinde tanımlı dog˘rusal sınırlı
operato¨rlerden olus¸an birlikte kompakt ku¨meler, deg˘is¸mez altuzay problemi
ile bag˘lantılı olarak ele alınmaktadır. Birlikte kompakt ku¨meler ic¸in, ortak
spektral yarıc¸ap ve bunun yerel versiyonuna go¨re, bazı deg˘is¸mez altuzay
teoremleri verilmektedir. Ayrıca, birlikte kompakt ku¨melerin, o¨zel bir durumda,
Berger-Wang formu¨lu¨nu¨ gerc¸ekledig˘i go¨sterilmektedir.
vi
1. INTRODUCTION
An invariant subspace problem is the simple question: ”Does every bounded
linear operator T on a separable Hilbert space H over complex numbers C
have a non-trivial invariant subspace?” Here non-trivial subspace means a closed
subspace of H different from {0} and H. Invariant means that the operator T
maps it to itself; in other words, a subspace V of H is T -invariant if T (V ) ⊆ V .
The problem is easy to state, however, it is still open. The answer is ’no’ in
general for (separable) complex Banach spaces. For certain classes of bounded
linear operators on complex Hilbert or Banach spaces, the problem has an
affirmative answer.
In 1954, Aronszajn and Smith [10] proved that every compact operator has a
non-trivial invariant subspace.
In 1973, V. Lomonosov obtained a more general result [23]: If a non-scalar
(i.e., not a multiple of the identity operator) bounded operator T on a Banach
space X commutes with a non-zero compact operator, then T has a non-trivial
hyperinvariant subspace. Here a subspace V of X is called T -hyperinvariant if
V is invariant under every continuous operator that commutes with T . In 1980,
however, Hadvin-Nordgren-Radjavi-Rosenthal gave an example of an operator
that does not commute with any non-zero compact operator [20]. Lomonosov’s
theorem highlighted another, stronger, form of the ’invariant subspace problem’:
”Does every bounded linear operator on a Hilbert space have a non-trivial
hyperinvariant subspace?”
In 1976, Per Enflo showed the existence of a Banach space and a bounded linear
operator on it without any non-trivial invariant subspace by giving an example
[17]. Due to this counterexample, the invariant subspace problem for operators
on Banach spaces has been confined to the search for various classes of operators
for which one can guarantee the existence of an invariant subspace.
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With respect to invariant subspaces of individual operators, there are several
existence theorems in addition to those related to Lomonosov’s. Scott Brown,
in 1978, proved that subnormal operators (operators that are restrictions of
normal operators to invariant subspaces) on Hilbert spaces have non-trivial closed
invariant subspaces [13]. Recall that a linear bounded operator T on a Hilbert
space is said to be normal if it commutes with its adjoint, i.e., TT ∗ = T ∗T .
In 1985, C.J. Read also constructed a counterexample [27]. Building on his work,
Read also gave an example of a quasinilpotent bounded operator on a Banach
space without a non-trivial invariant subspace [28].
The first appearance of the joint spectral radius of operator families in the
invariant subspace theory was in 1984, V.S. Shulman proved that every algebra
of Volterra (i.e., compact quasinilpotent) operators on a Banach space has a
common invariant subspace [33]. In 1999, Yu.V. Turovskii answered the long
standing open question: Every multiplicative semigroup of Volterra operators on
a Banach space has a common invariant subspace [35].
For positive operators on Banach lattices, the invariant subspace problem is still
open: ”Does every positive operator on a Banach lattice of dimension greater
than two has a non-trivial closed invariant subspace?”
In 1986, Ben de Pagter proved that every positive quasinilpotent compact
operator on a Banach lattice of dimension greater than one has a non-trivial
closed ideal [25]. Y.A. Abramovich, C.D. Aliprantis, and O. Burkinshaw in [2]
extended the result of B. de Pagter: If a locally quasinilpotent positive operator
S dominates a non-zero compact operator, then every positive operator that
commutes with S has a non-trivial closed invariant ideal. Generalizing the
result of Ben de Pagter and using the result in [2], R. Drnovsek proved in
[16] that a semigroup of positive Volterra operators on a Banach lattice has
a non-trivial hyperinvariant ideal. It was also proved in [16] that a locally
finitely quasinilpotent family of positive operators on a Banach lattice whose
commutant contains an operator that dominates a non-zero compact operator
has a non-trivial closed invariant ideal. Furthermore, V.S. Shulman and Yu.V.
Turovskii generalized these results: For a locally finitely quasinilpotent family of
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operators on a Banach space, if a closed subalgebra generated by this family and
by its commutant contains a non-zero compact operator, then the family has a
non-trivial hyperinvariant subspace [34].
In this thesis, we study on the invariant subspace problem for certain families of
linear bounded operators on Banach spaces and families of positive operators on
Banach lattices.
In Chapter 2, we show that every non-zero locally quasinilpotent
compact-friendly operator on a Banach lattice with separating orthomorphisms
has a non-trivial closed invariant ideal. Also, we generalize the second result of
R. Drnovsek expressed above by using the notion of compact-friendliness.
In Chapter 3, we prove that a locally finitely quasinilpotent multiplicative
semigroup of positive continuous operators defined on a Banach space with a
Schauder basis has a non-trivial closed invariant subspace. We then generalize
our result to topological vector spaces with Markushevich basis by using the
notion of weakly quasinilpotence introduced by Z. Ercan and S. O¨nal in [18].
In Chapter 4, collectively compact sets of linear bounded operators on infinite
dimensional Banach spaces are considered in connection with the invariant
subspace problem. We give some invariant subspace results for these sets with
respect to the joint spectral radius and its local version. It is also shown that
any collectively compact set M in algΓ satisfies the Berger-Wang formula, where
Γ is a complete chain of subspaces of X and algΓ denotes the set of operators
that leave all the subspaces in Γ invariant.
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2. FAMILIES OF POSITIVE OPERATORS ON A BANACH
LATTICE WITH SEPARATING ORTHOMORPHISMS
A subset C of a (real or complex) vector space V is said to be a cone whenever
C + C ⊆ C, αC ⊆ C for each real α > 0, and C ∩ (−C) = {0}. Every cone C
induces a partial order > on V as follows: For x, y ∈ V we say that
x 6 y ⇔ y − x ∈ C.
So, V + = C = {x ∈ V : x > 0}. The elements of C are referred to as positive
vectors. A (partially) ordered vector space (V,C) is a vector space V equipped
with a cone C. An ordered vector space is said to be Archimedean if nx 6 y for
all n implies x 6 0.
A bounded linear operator T : V → V on an ordered vector space (V,C) is said
to be positive if T (C) ⊆ C. In other words, Tx > 0 for each x > 0. In this case,
T is increasing; i.e., x 6 y ⇒ Tx 6 Ty.
A lattice ordered vector space E is called a Riesz space (or a vector lattice).
That is, an ordered vector space E is a Riesz space if every pair of vectors has a
supremum and an infimum; as a notation,
x ∨ y := sup{x, y} and x ∧ y := inf{x, y}.
For an element x in a Riesz space, its positive part, its negative part, and its
absolute value are defined by
x+ = x ∨ 0, x− = (−x) ∨ 0, |x| = x ∨ (−x),
respectively. We have the following two important identities:
x = x+ − x− and |x| = x+ + x−.
The functions (x, y) 7→ x ∨ y, (x, y) 7→ x ∧ y, x 7→ x+, x 7→ x−, and x 7→ |x| are
referred to collectively as the lattice operations of a Riesz space.
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A Riesz space is said to be Dedekind complete whenever every non-empty subset
of the space that is bounded from above has a supremum. Similarly, a Riesz
space is said to be σ-Dedekind complete whenever every non-empty countable
subset of the space that is bounded from above has a supremum.
Let E be a Riesz space. A subset A of E is said to be solid if |x| 6 |y| and y ∈ A
imply x ∈ A. A solid vector subspace of E is called an ideal. The ideal generated
by a non-empty subset A of E is the smallest (with respect to inclusion) ideal
containing A; it coincides with the intersection of all ideals that contain A and
it is given by
EA = {x ∈ E : ∃x1, ...xn ∈ A and λ1, ...λn ∈ IR+ with |x| 6
n∑
i=1
λi|xi|}.
If A = {x}, then Ex = E{x} is called the principal ideal generated by the vector
x. Note that
Ex = {y ∈ E : ∃λ > 0 s.t. |y| 6 λ|x|}.
A vector e > 0 is called an order unit if Ee = E; i.e., if for each x ∈ E there
exists some λ > 0 such that |x| 6 λe.
A seminorm p on a Riesz space is said to be a lattice seminorm whenever |x| 6 |y|
implies p(x) 6 p(y). A normed Riesz space is a Riesz space equipped with a
lattice norm. A normed Riesz space which is also norm complete (i.e., a Banach
space) is called a Banach lattice.
An operator T : E → E on a real or complex Riesz space is called central if
it is dominated by a multiple of the identity operator. That is, T is a central
operator if and only if there exists some scalar λ > 0 such that |Tx| 6 λ|x| holds
for all x ∈ E. The collection of all central operators is denoted by Z(E) and
is referred to as the center of the Banach lattice E. The central operators are
special examples of orthomorphisms. An order bounded operator T : E → E on
a Riesz space is said to be an orthomorphism if |x|∧|y| = 0 implies |x|∧|Ty| = 0.
Orth (E) will denote the orthomorphisms of E.
Definition 2.1: A Riesz space E is said to have separating orthomorphisms if
the following holds: If x∧y = 0, then there exists pi ∈ Orth(E) such that pi(x) = x
and pi(y) = 0. Or equivalently, if for all x ∈ E there exists pi ∈ Orth(E) such that
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pi(x+) = x+ and pi(x−) = 0. We note that if x∧ y = 0 and pi ∈ Orth(E) satisfies
pi(x) = x and pi(y) = 0, then the orthomorphism pi1 = |pi| ∧ I satisfies pi1(x) = x
and pi1(y) = 0. Hence, we may assume that 0 6 pi 6 I in the definition.
An order ideal I in E has the extension property if every pi0 in Z(I) has an
extension pi ∈ Z(E). The following Theorem is due to de Pagter [24].
Theorem 2.2: Consider the following three conditions in an Archimedean Riesz
space E.
a) If 0 6 u 6 v in E, then u = pi(v) for some 0 6 pi in Orth (E).
b) Every principal order ideal in E has the extension property.
c) E has separating orthomorphisms.
Then a ⇒ b ⇒ c. Moreover, if E is, in addition, uniformly complete, then a, b,
and c are equivalent.
Every σ-Dedekind complete Riesz space has both the extension property and
separating orthomorphisms. However, every order ideal in a uniformly complete
Riesz space E has the extension property if and only if E is Dedekind complete.
This is due to Wickstead [36].
Let X be an infinite dimensional complex Banach space and B(X) denote the
space of all linear bounded operators on X.
The spectrum σ(T ) of an operator T ∈ B(X) is the set of all complex numbers
λ such that the operator λI − T is not invertible on X. The complement of the
spectrum is called the resolvent set of T .
The spectral radius ρ(T ) of an arbitrary operator T in B(X) is the smallest
non-negative real number r for which the closed disk {λ ∈ C : |λ| 6 r} contains
the spectrum σ(T ). The following formula is known as Gelfand formula
ρ(T ) = lim
n→∞
‖ T n ‖1/n .
An operator T ∈ B(X) is said to be quasinilpotent if ρ(T ) = 0 and locally
quasinilpotent at x0 if
lim
n→∞
‖ T nx0 ‖1/n= 0.
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For a norm bounded subset B of a Banach space X and for a norm bounded
family C of linear bounded operators in B(X), we let
‖B‖ := sup{‖x‖ : x ∈ B} and ‖C‖ := sup{‖T‖ : T ∈ C}.
Denote CB := {Tx : T ∈ C, x ∈ B}. If B = {x}, we will then write Cx instead of
C{x}. The powers Cn are defined inductively by C1 = C, Cn = CCn−1 for n > 2.
Cn = {C1C2...Cn : C1, C2, ..., Cn ∈ C}
and the norm of it is the supremum of the norms of its elements
‖Cn‖ = sup{‖S‖ : S ∈ Cn}.
The commutant of a family C will be denoted by C ′. A subspace V of X is said
to be C-invariant if V is T -invariant for each T ∈ C.
A family C of operators in B(X) is said to be (locally) quasinilpotent at a point
x ∈ X if lim
n→∞
‖ Cnx ‖1/n= 0 and finitely quasinilpotent at a point x ∈ X if every
finite subcollection of C is (locally) quasinilpotent at x.
A family S of linear operators on a Banach space X is said to be multiplicative
semigroup if for each pair S, T ∈ S, ST ∈ S. A subset S0 of a multiplicative
semigroup S is said to be a (two-sided algebraic) semigroup ideal in S if for each
T ∈ S0 and for each S ∈ S the operators TS and ST belong to S0.
For the rest of this section we shall assume that C denotes a non-empty collection
of positive operators on a Banach lattice E. For a positive operator T : E → E
on a Banach lattice E, we denote by RC(T ) the collection of all positive operators
S : E → E such that ST > TS. In accordance with this notation we also let
RC(C) = {S : S > 0 and ST > TS for each T ∈ C}.
For a collection C of positive operators on E, the smallest semigroup that contains
C will be denoted by SG(C). Given a family C, the collection DC of positive
operators is defined as follows:
DC = {D : D > 0, ∃{T1, · · · , Tk} ⊆ RC(C), {S1, · · · , Sk} ⊆ SG(C) s.t. D 6
k∑
i=1
TiSi}.
We refer the reader to [1] for properties of SG(C) and DC.
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Definition 2.3: A positive operator B : E → E on a Banach lattice is called
compact-friendly if there exists a positive operator in the commutant of B that
dominates a non-zero operator that is dominated by a compact positive operator.
That is, there exist non-zero operators R,K,C : E → E with R positive, K
positive compact, and satisfying RB = BR, |Cx| 6 R|x|, and |Cx| 6 K|x| for
each x ∈ E.
The following was given in [1] as Theorem 10.57.
Theorem 2.4: If a non-zero compact-friendly operator B : E → E on a
Dedekind complete Banach lattice is quasinilpotent at some x0 > 0, then there
exists a non-trivial closed ideal that is invariant under RC(B).
The next result is a generalization of the preceding Theorem. We show
that Dedekind completeness is not needed and that E having separating
orthomorphisms is sufficient. The proof is a modification of the proof of Theorem
10.57 in [1].
Proposition 2.5: Let E be a Banach lattice with separating orthomorphisms.
If a non-zero compact-friendly operator B : E → E is quasinilpotent at some
x0 > 0, then there exists a non-trivial closed ideal that is invariant under RC(B).
Proof. For each 0 < x, we denote by Jx the ideal generated by the orbit RC(B)x,
Jx = {y ∈ E : |y| 6 Ax for some A ∈ RC(B)}.
As x ∈ Jx, Jx is a non-zero ideal and Jx is RC(B)-invariant. Therefore, if for
some vector x > 0 the ideal Jx is not norm dense in E, then Jx is a non-trivial
closed RC(B)-invariant ideal.
Consequently, we assume from now on that Jx = E for each x > 0.
B is compact-friendly, hence there exist non-zero operators R,K,C : E → E
with R positive, K positive compact, and satisfying RB = BR, |Cx| 6 R|x|,
and |Cx| 6 K|x| for each x ∈ E.
Since C 6= 0, there exists some x1 > 0 such that one of the vectors (Cx1)+
or (Cx1)
− is non-zero. Suppose that (Cx1)+ 6= 0. Then there exists an
orthomorphism M , 0 6 M 6 I, of E with MCx1 > 0. Let x2 = MCx1 and
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pi1 =MC. We note that the operator pi1 is dominated by the compact operator
K and the positive operator R.
Since Jx2 is dense in E and C is non-zero, there exists y ∈ Jx2 and A1 ∈ RC(B)
such that 0 < y < A1x2 and Cy 6= 0. E has separating orthomorphisms,
thus there exists an operator M1, 0 6 M1 6 I, in Z(E), with y = M1A1x2.
Suppose that (CM1A1x2)
+ 6= 0. We choose M2 in Z(E) with 0 6 M2 6 I,
such that M2CM1A1x2 = (CM1A1x2)
+ > 0. Letting x3 = M2CM1A1x2 and
pi2 = M2CM1A1, we note that the operator pi2 is dominated by the compact
operator KA1 and the positive operator RA1.
We now repeat the preceding arguments with the vector x2 replaced by x3. There
exists some z in Jx3 and an operator A2 in RC(B) such that 0 < z 6 A2x3
and Cz 6= 0. We choose M3 in Z(E), 0 6 M3 6 I, with z = M3A2x3.
Suppose (CM3A2x3)
+ is not zero. We choose M4 in Z(E), 0 6 M4 6 I with
M4CM3A2x3 = (CM3A2x3)
+ > 0. Now let pi3 =M4CM3A2.
Consider the operator pi3pi2pi1. It is non-zero as pi3pi2pi1x1 = pi3x3 6= 0. Each
operator pii is dominated by a compact positive operator and therefore pi3pi2pi1
is compact by Theorem 2.34 in [1]. Also for each x ∈ E, we have |pi3pi2pi1x| 6
RA2RA1R|x|.
If S = RA2RA1R, then S ∈ RC(B) since RC(B) is a semigroup. Consider
C = {B}. The family DB is finitely quasinilpotent at x0 by Lemma 10.43
in [1]. RC(B) is contained in the family DB. Therefore RC(B) is finitely
quasinilpotent at x0 and contains the operator S that dominates a non-zero
compact operator pi3pi2pi1. That RC(B) has a non-trivial closed invariant ideal
follows from Theorem 10.44 in [1]. ¤
A Theorem due to Drnovsek [1, Theorem 10.50] says that if C is a family
of positive operators on a Banach lattice which is finitely quasinilpotent at
a non-zero positive vector and its commutant C ′ contains an operator that
dominates a non-zero compact operator, then the families C and RC(C) have
a common non-trivial closed invariant ideal.
The next result generalizes the preceding and shows that DC and RC(DC) have
a common non-trivial closed ideal.
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Proposition 2.6: Let C be a non-zero collection of positive operators on
a Banach lattice E with separating orthomorphisms. Suppose C is finitely
quasinilpotent at some x0 > 0 and the commutant C ′ of C contains a positive
operator T0 which dominates an operator L which is dominated by a compact
positive operator K (i.e., there exist L and K (positive, compact) with |Lx| 6
T0|x| and |Lx| 6 K|x| for all x ∈ E). Then C and RC(C) have a common
non-trivial closed invariant ideal.
Proof: We know that the family DC is finitely quasinilpotent at x0 by Lemma
10.43 in [1]. For x > 0, we denote by [DCx] the ideal generated by the orbit DCx
of the family DC, i.e., [DCx] = {y ∈ E : |y| 6 Dx for some D ∈ DC }. Since
I ∈ DC, x ∈ [DCx] and [DCx] 6= {0} if x > 0. It is easy to show that [DCx] is
invariant under DC. Therefore, we may assume that [DCx] = E for x > 0.
As L 6= 0, there exists x1 with Lx1 6= 0. Thus, either (Lx1)+ or (Lx1)− is
non-zero. Suppose (Lx1)
+ 6= 0. Since E has separating orthomorphisms, there
exists an orthomorphism V , 0 6 V 6 I, such that V Lx1 = (Lx1)+.
Let x2 = V Lx1 and M1 = V L. Observe that the operator M1 is dominated by
the compact operator K and the operator T0. Recall that [DCx2] = E. Hence,
there exists y with 0 < y 6 D1 x2 for some D1 ∈ DC such that Ly 6= 0. Since E
has separating orthomorphisms, there exists U1, 0 6 U1 6 I, with y = U1D1x2.
Ly 6= 0 therefore there exists an orthomorphism V1, 0 6 V1 6 I, with V1Ly > 0.
That is, V1LU1D1x2 > 0. Let x3 = V1LU1D1x2 and M2 = V1LU1D1. As
|M2z| = |V1LU1D1z| 6 |LU1D1z| 6 K|U1D1z| 6 KD1|z| for each z ∈ E, we
see that the operatorM2 is dominated by the compact operator KD1. M2 is also
dominated by the positive operator T0D1.
As [DCx3] = E, we must have Lz 6= 0 for some z with 0 < z < D2x3, where
D2 ∈ DC. Then z = U2D2x3 for some 0 6 U2 6 I and, as Lz 6= 0, we have
V2LU2D2x3 > 0 for some V2 with 0 6 V2 6 I. Let M3 = V2LU2D2. Then M3
is dominated by the compact operator KD2 and also by the positive operator
T0D2. We have T0D2T0D1T0 ∈ DC since DC is a multiplicative semigroup and
T0 ∈ C ′.
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On the other hand, |M3M2M1x| 6 T0D2T0D1T0|x| for each x ∈ E. Thus
M3M2M1 is compact by Theorem 2.34 in [1]. Hence DC contains an operator
T0D2T0D1T0 which dominates the compact operator M3M2M1 6= 0. Hence
DC has a non-trivial closed invariant ideal by Theorem 10.44 in [1]. Since C
and RC(C) are contained in DC, it follows that C and RC(C) have a common
non-trivial closed invariant ideal. ¤
11
3. FAMILIES OF POSITIVE OPERATORS ON A BANACH SPACE
WITH A (MARKUSHEVICH) BASIS
A sequence {xn} of a Banach space X is called a Schauder basis if for each x ∈ X
there exists a unique sequence of scalars {αn} such that x =
∞∑
n=1
αnxn, where the
series is convergent in norm. Associated with the basis the standard sequence of
coefficient functionals fn (n=1,2,...) is defined by
fn(x) = αn for x =
∞∑
i=1
αixi ∈ X.
Each fn is linear functional on X and fn ∈ X ′, where X ′ is the dual of X. Also
fn(xm) = δnm.
Every basis {xn} gives rise to a closed cone C defined by
C = {x =
∞∑
n=1
αnxn : αn > 0,∀n = 1, 2, ...}.
The cone C will be referred to as the cone generated by the basis {xn}.
A bounded linear operator T : X → X on a Banach space X with a basis {xn}
is said to be positive (with respect to this basis) if T (C) ⊆ C, where C is the
cone generated by {xn}.
Let X be a Hausdorff topological vector space with dual X ′. A sequence (xn, fn)
in X × X ′ is called a Markushevich basis if the span of (xn) is dense in X,
fn(xn) = 1 and fn(xm) = 0 for n 6= m, and {fn} separates the points of X.
Clearly, a Schauder basis in a Banach space is also a Markushevich basis but the
converse is not true in general.
A Hausdorff topological vector space with a Markushevich basis can be partially
ordered by the relation x 6 y if and only if fn(x) 6 fn(y) for all n.
For a detailed analysis about Schauder and Markushevich bases we refer the
reader to [32].
The following theorem was proved in [3], see also [1, Theorem 10.66].
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Theorem 3.1: Let T : X → X be a positive continuous operator defined on a
Banach space X with a basis. If T commutes with a non-zero positive operator
that is quasinilpotent at a non-zero positive vector, then T has a non-trivial
closed invariant subspace.
Now, we give an invariant subspace result for a semigroup of positive operators
on a Banach space with a Schauder basis. The proof goes along the same lines
as in the proof of Theorem 3.1.
Proposition 3.2: Let J be a multiplicative semigroup of positive continuous
operators defined on a Banach space X. If {xn} is a Schauder basis for X and
J is finitely quasinilpotent at some x0 > 0, then J has a non-trivial closed
invariant subspace.
Proof: Let {fn} be the sequence of coefficient functionals associated with the
basis {xn}. If Tx0 = 0 for each T ∈ J , then
⋂
T∈J
T−1(0) is a non-trivial closed
subspace that is invariant under J . Thus, we can assume that Tx0 6= 0 for some
T ∈ J . Hence Txk 6= 0 for some k. Without loss of generality, we can assume
0 6 xk 6 x0.
Let P : X → X be the continuous projection onto the subspace spanned by xk
defined by Px = fk(x)xk. Then 0 6 Px 6 x for each 0 6 x ∈ X. We claim that
PSTxk = 0
for each S ∈ J . To prove this, let PSTxk = αxk for some non-negative scalar
α > 0. Since all the operators involved are positive, we have
0 6 αnxk 6 (PST )nxk 6 (ST )nxk 6 (ST )nx0.
Using the positivity of the functional fk, we have
0 6 αn = fk(αnxk) 6 fk((ST )nx0).
Consequently,
0 6 αn 6 ||fk|| ||(ST )nx0||.
Since ST ∈ J and J is finitely quasinilpotent at x0, from
0 6 α 6 ||fk|| 1n ||(ST )nx0|| 1n
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and lim
n→∞
||(ST )nx0|| 1n = 0, we have α = 0.
Finally, we consider the subspace Y generated by {STxk : S ∈ J }. We have
Y 6= {0} since Txk 6= 0 . Since J is a multiplicative semigroup, Y is invariant
under J .
Thus, it remains to show Y 6= X. For each y ∈ Y , we have
fk(y) = fk(Py) = 0,
and consequently, fk(y) = 0 for all y ∈ Y . As fk(xk) 6= 0, Y is a non-trivial
closed J -invariant subspace of X. ¤
According to [18] an operator T on a Hausdorff topological vector space X is
weakly quasinilpotent at x0 if |f(T nx0)| 1n → 0 for each f ∈ X ′, where X ′ is the
topological dual of X. Z.Ercan and S.O¨nal in [18] generalized the Theorem 3.1
as follows.
Theorem 3.3: Let T,A : X → X be two be two non-zero continuous positive
operators on a Hausdorff topological vector space X with a Markushevich basis
(xn, fn). If TA = AT and T
mA is weak quasinilpotent at some positive vector
for each m, then T has a nontrivial closed invariant subspace.
Weak quasinilpotence for a family of operators was defined in [14]. A non-empty
set C of linear operators on a topological vector space E is called weakly
quasinilpotent at x0 ∈ E if |f(Cn(x0))| 1n → 0 for each f ∈ E ′, where E ′ is the
topological dual and |f(Cn(x0))| = sup{|f(T1 · · ·Tn(x0))| : Ti ∈ C, i = 1, · · · , n}
The following is a generalization of Proposition 3.2 to topological vector spaces
with Markushevich basis.
Proposition 3.4: Let J be a multiplicative semigroup of positive continuous
operators on a Hausdorff topological vector space X with a Markushevich basis
(xn, fn). If J is weakly quasinilpotent at some x0 > 0, then J has a non-trivial
closed invariant subspace.
Proof: If Tx0 = 0 for each T ∈ J , then
⋂
T∈J
T−1(0) is a non-trivial closed
subspace that is invariant under J . Thus we can assume that Tx0 6= 0 for some
T ∈ J . Since span{xk} = X, it follows that Txk 6= 0 for some k. Without loss
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of generality, we can assume that 0 6 xk 6 x0. Consider the projection operator
P on X defined by Px = fk(x)xk. Then 0 6 P 6 I. We claim that PSTxk = 0
for each S ∈ J . To prove this, let PSTxk = αxk for some non-negative scalar
α. Since all operators are positive, we have
0 6 αnxk 6 (PST )nxk 6 (ST )nxk 6 (ST )nx0.
Using the positivity of the functional fk, we have
0 6 αn 6 fk(αnxk) 6 fk((ST )nx0)
and consequently, we get
0 6 α 6 fk((ST )nx0)
1
n → 0.
Hence, α = fk (PSTxk) = 0. Let Y = span {STxk : S ∈ J }. As Txk 6= 0, we
have Y 6= {0}. Since J is a multiplicative semigroup, Y is invariant under J .
Thus, it remains to show Y 6= X. For each y ∈ Y , we have fk(y) = fk(Py) = 0
and consequently fk(y) = 0 for all y ∈ Y . As fk(xk) 6= 0, xk 6∈ Y and Y is a
non-trivial closed invariant subspace under the semigroup J . ¤
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4. COLLECTIVELY COMPACT SETS
4.1 Introduction
Throughout this chapter, X will denote an infinite dimensional complex Banach
space and B(X) will denote the space of all linear bounded operators on X.
In this chapter, we first give some invariant subspace results for collectively
compact sets of operators in connection with the joint spectral radius of these
sets. We then prove that any collectively compact set M in algΓ satisfies the
Berger-Wang formula, where Γ is a complete chain of subspaces of X and algΓ
denotes the set of operators that leave all the subspaces in Γ invariant.
Definition 4.1.1: A family M ⊂ B(X) is called collectively compact if the set
M(UX) = {Tx : T ∈ M, x ∈ UX} has compact closure in X, where UX denotes
the closed unit ball in X.
A fairly complete treatment, with applications, of collectively compact sets of
linear bounded operators is given in the book [6] by Anselone. We refer to [4],
[7], [8], [9], and [15] for more insight into the concept of collectively compact set
of operators. For further details on the material in this chapter see [1], [6], [26],
[29], and [34], for example.
A set M ⊂ B(X) is bounded iff M(UX) is bounded, whereas M is collectively
compact iff M(UX) is precompact. Therefore, every collectively compact set
M ⊂ B(X) is a bounded set of compact operators. The converse is false [6,
Example 5.1]. On the other hand, every precompact set of compact operators is
collectively compact [6, Proposition 5.3] but the following example shows that
the converse is not true in general [6, Example 5.4].
Example 4.1.2: Let M be the set of operators on `p (1 6 p 6 ∞) defined by
Tnx = xne1 where x = (x1, ..., xn, ...) and e1 = (1, 0, 0, ...). SinceMUX is bounded
and one-dimensional, M is collectively compact. But M is not precompact, for
‖Tm − Tn‖ = 2
1
p if m 6= n.
16
Using well-known techniques, we generalize invariant subspace results which
are proven for precompact families of compact operators in [34] to collectively
compact families of operators. In doing so, we use the following spectral radius
formulas for families of operators.
The joint spectral radius ρ(M) of M was introduced by Rota and Strang [31]
and is defined by
ρ(M) = lim sup
n→∞
‖Mn ‖1/n .
The similarity to the Gelfand formula for the spectral radius of a single operator
underlines the spectral nature of the notion.
The Berger-Wang spectral radius is defined by
r(M) = lim sup
n→∞
sup
T∈Mn
{ρ(T )} 1n .
We have
r(M) 6 sup
T∈Mn
{ρ(T )} 1n 6 ρ(M).
The joint local spectral radius of M at a point x ∈ X is defined by
ρ(M,x) = lim sup
n→∞
‖Mnx‖ 1n .
For a single operator T ∈ B(X),
ρ(T, x) = lim sup
n→∞
‖T nx‖ 1n .
For t > 0,
Et(M) := {x ∈ X : ρ(M,x) 6 t}
and similarly,
Et(T ) := {x ∈ X : ρ(T, x) 6 t}.
We need the following results from [34], Lemma 13.1 and Lemma 13.2.
Lemma 4.1.3: Let M be a bounded subset of B(X). Then
a) Et(M) is a subspace which is hyperinvariant for M ;
b) Et(M) ⊂ Etk(T ) for all T ∈Mk and k > 0.
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4.2 On Invariant Subspaces of Collectively Compact Sets
A well-known method of proving existence of invariant subspaces for semigroups
of operators is the following.
Lemma 4.2.1: Let S be a multiplicative semigroup of continuous operators
on a Banach space and let S0 be a non-zero semigroup ideal in S. If S0 has
a common non-trivial closed invariant subspace, then S also has a non-trivial
closed invariant subspace.
For a proof of this lemma, we refer to Lemma 10.49 in [1].
For a bounded set M in B(X), we let LIM(M) denote the set of norm limits
of all convergent sequences {Tk}, where Tk ∈ Mnk and nk → ∞. LIM(M) is a
closed semigroup ideal in the closure of SG(M) cf [34, page 412].
We also need the following lemma from [34, Lemma 6.13].
Lemma 4.2.2: Let M be a bounded set in B(X). Let f be a nonnegative
function from the closure of SG(M) into IRwhich is continuous at every point of
LIM(M). If lim sup
n→∞
sup
T∈Mn
{f(T )} 1n < 1, then f(T ) = 0 for all T ∈ LIM(M).
Proposition 4.2.3: LetM be a collectively compact set in B(X). If LIM(M) 6=
{0} and r(M) < 1, then M has an hyperinvariant subspace.
Proof: LIM(M) is a non-zero semigroup ideal in SG(M). By taking ρ(T ) as
f(T ) in the preceding lemma and using the continuity of the spectral radius
ρ(T ) on compact operators, we obtain that ρ(T ) = 0 for each T in LIM(M).
Thus LIM(M) consists of quasinilpotent compact operators. As LIM(M) is
a multiplicative semigroup in its own right, it is a Volterra (i.e. compact
quasinilpotent) semigroup. It follows from [35, Theorem 4] that LIM(M) has
a non-trivial hyperinvariant subspace. That SG(M), and in particular M and
M ′ have a common invariant subspace follow from Lemma 4.2.1. ¤
We will reprove Proposition 4.2.3 in a different way without using Lemma 4.2.2.
For this purpose we first start by giving the following definition.
Definition 4.2.4: Let M be a collectively compact set in B(X). We define
lim(M) to be the set of all strong limits of convergent sequences {Tk}, where
{Tk} is collectively compact, Tk ∈Mnk and nk →∞.
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That is to say T ∈ lim(M) if and only if Tkx → Tx for each x ∈ X, Tk ∈ Mnk ,
and {Tk} is collectively compact. Here since
T (UX) ⊂ {Tkx : x ∈ UX} = {Tk}UX ,
it follows that T is compact. In other words, lim(M) consists of compact
operators. In what follows, we assume lim(M) 6= 0.
Remark 4.2.5: Let M ⊂ B(X) be a collectively compact set.
(i) If W ⊂ X is bounded, then MW is precompact.
(ii) Mn is collectively compact for each n ∈ IN.
Lemma 4.2.6: lim(M) is a semigroup ideal in SG(M).
Proof: Let T ∈ lim(M) and S ∈ SG(M). Let Tk ∈ Mnk and Tkx → Tx for
x ∈ X as nk → ∞. Then STk ∈ M j+nk for some j and STkx → STx for each
x ∈ X.
Since S ∈ SG(M) is a compact operator, it is immediately seen that {STk} is a
collectively compact sequence.
On the other hand, if Tkx→ Tx for each x and S ∈ SG(M), then S is a compact
operator and from [6, Proposition 1.8] we have
‖ (Tk − T )S ‖→ 0 as nk →∞.
Thus, we see that not only TkSx → TSx for each x ∈ X but {TkS, TS}k is a
compact set of compact operators. Hence {TkS, TS}k is a collectively compact
set. It follows that {TkS}k is collectively compact. ¤
The following is Theorem 4.8 in [6].
Lemma 4.2.7: Let Tn, T ∈ B(X). Suppose Tnx → Tx for each x ∈ X and
{Tn − T} is collectively compact. Then for each open set U with σ(T ) ⊂ U ,
there exists N ∈ INwith σ(Tn) ⊂ U for each n > N .
For each T ∈ B(X) let F(T ) be the family of all complex functions f which
are analytic on open, not necessarily connected, domains D(f) containing the
spectrum σ(T ).
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The following is Theorem 4.15 in [6].
Lemma 4.2.8: Let Tn, T ∈ B(X). Suppose Tnx→ Tx for each x ∈ X, {Tn−T}
is collectively compact, and f ∈ F(T ). Then there exists N ∈ IN such that for
all n > N , f ∈ F(Tn) and f(Tn)x → f(T )x for each x ∈ X. Furthermore,
{f(Tn)− f(T )} is collectively compact for n > N .
By using the lemmas 4.2.7 and 4.2.8 we obtain the following lemma.
Lemma 4.2.9: Let Tn, T ∈ B(X). Let Tnx→ Tx for each x ∈ X and {Tn} be
collectively compact. If U and V are disjoint open sets with σ(T ) ⊂ U ∪ V and
σ(T ) ∩ U 6= φ, then there exists N ∈ IN such that σ(Tn) ∩ U 6= φ for all n > N .
Proof: Let us observe that the family {Tn − T} is collectively compact. Let f
be the analytic function defined on U ∪ V as f(λ) ≡ 1 on U and f(λ) ≡ 0 on V .
By Lemma 4.2.7, σ(Tn) ⊂ U ∪V for all n > N for some N ∈ IN. Assume that the
claim is not true. Then for each N , there exists n > N such that σ(Tn) ⊂ V . In
this way, we construct a subsequence of operators (Tnk) with the property that
σ(Tnk) ⊂ V for each k. On the other hand, as f(Tn)x → f(T )x from Lemma
4.2.8, we have f(Tnk)x → f(T )x. As f(Tnk) = 0 for each k, f(T )x = 0 for
each x ∈ X. By the spectral theorem σ(f(T )) = f(σ(T )) and 1 must be in
the spectrum of the operator f(T ), f(T ) can not be the zero operator. This
contradiction yields σ(Tn) ∩ U 6= ∅ for all n > N for some N . ¤
Lemma 4.2.10: Let M be a collectively compact set in B(X). If r(M) < 1,
then ρ(T ) = 0 for all T in lim(M).
Proof: Let r(M) = lim sup
n→∞
sup
S∈Mn
{ρ(S)} 1n = t < 1. Let T ∈ lim(M) and let
{Tn} be a collectively compact sequence in SG(M) with Tnx → Tx for each x.
It follows that T is a compact operator and {Tn − T} is collectively compact.
Thus for a given ² > 0, there exists n0 ∈ IN such that
sup
S∈Mn
ρ(S)
1
n < t+ ² < 1 for all n > n0.
Hence for each Tn ∈Mnk ,
ρ(Tn) < (t+ ²)
n < 1 for n > n0.
It follows that ρ(Tn)→ 0.
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We show next that ρ(Tn)→ ρ(T ). Consider the open ball B(0, ρ(T )) centered at
0 with radius ρ(T ). Then there exists an N1 ∈ IN such that σ(Tn) ⊂ B(0, ρ(T ))
for all n > N1. It follows that ρ(Tn) 6 ρ(T ) for n > N1. Hence
lim sup
n→∞
ρ(Tn) 6 ρ(T ).
On the other hand, there is only a finite number of points λ1, · · · , λm of the
spectrum σ(T ) that lie outside B(0, ρ(T )), each of which satisfies |λi| = ρ(T ),
i = 1, · · · ,m. As each of the points λi (i = 1, · · · ,m) is an isolated
point of the spectrum σ(T ), {λ1, · · · , λm} is an open subset of σ(T ) and
σ(T ) ∩ {λ1, · · · , λm} 6= φ. It follows that for some i (i = 1, · · · ,m), λi is an
element of σ(Tn) for all n > N2 for some N2 ∈ IN. Thus,
ρ(T ) = |λi| 6 ρ(Tn) for all n > N2
and so
ρ(T ) 6 lim inf
n→∞
ρ(Tn).
Therefore, we have lim
n→∞
ρ(Tn) = ρ(T ) and ρ(T ) = 0. ¤
With the help of the preceding auxiliary results the proof of the following
proposition is immediate and is omitted.
Proposition 4.2.11: LetM be a collectively compact set in B(X). If r(M) < 1,
then SG(M) has an hyperinvariant subspace.
Corollary 13.5 in [34] states that for a locally finitely quasinilpotent subset C
of B(X), if a closed subalgebra A generated by C and C ′ contains a non-zero
compact operator, then C has a non-trivial hyperinvariant subspace. So, any
locally quasinilpotent collectively compact set in B(X) has a non-trivial closed
hyperinvariant subspace. Therefore, in what follows we assume that ρ(M,x) 6= 0
for each x ∈ X.
Proposition 4.2.12: Let M ⊂ B(X) be collectively compact. If there exists
some non-zero x ∈ X such that ρ(M,x) < sup
T∈Mn
ρ(T )
1
n , then M has an
hyperinvariant subspace.
Proof: The assumption yields an operator T ∈ Mk such that ρ(M,x) 6 ρ(T ) 1k
for some k. Let ρ(M,x) = t. Then, tk < ρ(T ) and we have Et(M) ⊆ Etk(T ) for
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this particular t. Also, Et(M) 6= 0 as x ∈ Et(M). We claim Etk(T ) 6= X.
For any circle centered at 0 with radius r there are only finite number points
of σ(T ) that lie outside the circle. Choosing the radius r, appropriately, as
tk < r < ρ(T ), we can make certain that the circle {z : |z| = r} lies entirely in
the resolvent of T . Let σ be the part of the spectrum that lies in the circle and let
σ′ = σ(T ) \σ. Then σ is a spectral set. Let Pσ(T ) be the corresponding spectral
projection. Then Etk(T ) is contained in the range of Pσ(T ) as the range of Pσ(T )
can be identified as {x ∈ X : Tnx
rn
→ 0} cf. Exercise 6.4.14 in [1]. Taking closures
we see that Etk(T ) ⊂ RanPσ(T ) = RanPσ(T ). On the other hand, r < ρ(T ) and
Pσ(T ) 6= I. Thus Et(M) 6= X and M has an hyperinvariant subspace. ¤
Our next result is a simple consequence of Theorem 13.10 in [34] which states
that if SG(M) consists of operators with countable spectra and ρ(M,x) < r(M)
for some non-zero x ∈ X, then M has a nontrivial hyperinvariant subspace.
Proposition 4.2.13: Let M be a collectively compact family in B(X) with
ρ(M,x) < r(M) for some non-zero x in X. Then M has a nontrivial
hyperinvariant subspace.
A Theorem due to Yu. V. Turovskii in [35, Theorem 2] states the following:
Theorem 4.2.14: Let M be a precompact set of compact operators with
ρ(M) = 1. If SG(M) is not bounded then M has a nontrivial hyperinvariant
subspace.
The following theorem proved by V.S. Shulman and Yu.V. Turovskii in [34,
Theorem 6.10] is an extension of the previous theorem.
Theorem 4.2.15: Let M be a precompact set of bounded operators with
ρe(M) < ρ(M) = 1. If SG(M) is not bounded then M has a nontrivial
hyperinvariant subspace.
We aim to generalize Turovskii’s Theorem to collectively compact sets of
operators. For this we need the following observation. Given a bounded set
M of bounded operators on X, SG(t−1M) is bounded if t > ρ(M). Indeed,
in this case ρ(t−1M) = t−1ρ(M) < 1 and, therefore, ‖(t−1M)n‖ < 1 for all
sufficiently large n > 0.
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Proposition 4.2.16: Let M be a collectively compact set of operators with
ρ(M) = 1. If SG(M) is not bounded, then M has a nontrivial hyperinvariant
subspace.
Proof Let (tn) be a sequence of reals such that tn → 1+. Since SG(t−1n M) is
bounded, we may define functions ϕn on X as follows:
ϕn(x) = s
−1
n ‖SG1(t−1n M)x‖
for all x ∈ X, where sn = ‖SG1(t−1n M)‖.
All ϕn are norms on X equivalent to ‖ · ‖, and ϕn(Tx) 6 tnϕn(x) for all T ∈M
and all x ∈ X. Let ϕ be the function on X defined by
ϕ(x) = lim sup
n→∞
ϕn(x) for all x ∈ X.
We show that ϕ is a non-zero continuous seminorm whose kernel, Kerϕ = {x ∈
X : ϕ(x) = 0} is non-zero and Kerϕ is a hyperinvariant subspace of M .
ϕ is a seminorm on X. Since ϕn(x) 6 ‖x‖ for all x ∈ X, ϕ is continuous on X
and, therefore, Kerϕ is a closed subspace of X. Since,
ϕ(Tx) = lim sup
n→∞
ϕn(Tx) 6 lim sup
n→∞
tnϕn(x) = ϕ(x)
and
ϕ(Sx) = lim sup
n→∞
ϕn(Sx) 6 ‖S‖ lim sup
n→∞
ϕn(x) = ‖S‖ϕ(x)
for all x ∈ X, all T ∈M and all S ∈M ′, the commutant of M . Thus Kerϕ is a
hyperinvariant subspace under M .
We first show that Kerϕ 6= X; that is ϕ 6= 0.
Choose xn ∈ X such that ϕn(xn) > t−1n and ‖xn‖ = 1. By the definition of
ϕn(xn), there exists a sequence {Tn} of elements of SG1(t−1n M) such that
s−1n ‖Tnxn‖ > t−1n for all n.
As SG(M) is unbounded, there exits n0 such that Tn 6= I for all n > n0. So one
may suppose Tn = QnSn for all n, where Sn ∈ t−1n M and Qn ∈ SG1(t−1n M).
Consider the sequence {tnSn} in M . Since M is collectively compact, each
sequence inM is also collectively compact and, therefore, the sequence {tnSnxn}
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is relatively compact. Therefore, it has a convergent subsequence which we
denote by {tnkSnkxnk}.
Suppose tnkSnkxnk → y ∈ X. Then ‖Snkxnk − y‖ → 0. Since
ϕn(Snxn − y) 6 ‖Snxn − y‖
for all n and
ϕnk(y) > ϕnk(Snkxnk)− ϕnk(Snkxnk − y) > ϕnk(Snkxnk)− ‖Snkxnk − y‖
for all nk, we have
ϕ(y) = lim sup
n→∞
ϕn(y) > lim sup
k→∞
ϕnk(Snkxnk).
On the other hand, for each n,
t−1n < s
−1
n ‖QnSnxn‖ 6 s−1n ‖SG1(t−1n M)Snxn‖ = ϕn(Snxn)
which yields that ϕ(y) > 1. Thus Kerϕ 6= X and ϕ 6= 0.
We now show that Kerϕ 6= 0.
An operator T ∈ Mn is called leading for M if ‖T‖ > ‖
n−1⋃
i=1
M i‖. Since SG(M)
is not bounded, {‖
n⋃
i=1
M i‖}∞n=1 is not bounded. Therefore, there exists an
increasing sequence {mk} such that ‖Mmk‖ > ‖
mk−1⋃
i=1
M i‖ and, ‖
mk−1⋃
i=1
M i‖ → ∞.
Hence, there exists a sequence {Tk} of operators, Tk ∈Mmk , that are leading for
M with ‖Tk‖ → ∞.
Let αk = ‖Tk‖−1. We choose xk ∈ X with ‖αkTkxk‖ > t−1k for all k. Since
ρ(M) = lim
n→∞
‖Mn‖ 1n = 1, then ‖Mn‖ = 1 for all n. Hence, we can write each of
the operators αkTk in the form Pk(αkQk) where Pk ∈ M , αkQk ∈ SG1(M) and
the sequence {αkQk} is bounded.
The sequence {αkQkxk} is a bounded sequence. Therefore, the sequence
{PkαkQkxk} = {αkTkxk} has a convergent subsequence as {Pk} is collectively
compact. Let PkrαkrQkrxkr → y0 as r → ∞. That y0 6= 0 follows from the fact
that ‖αkrTkrxkr‖ > t−1kr for each r.
24
On the other hand, since ϕ(Tkrxkr) 6 ϕ(xkr) and ϕ(xkr) 6 1, we get
ϕ(y0) = lim
r→∞
ϕ(αkrTkrxkr) 6 lim sup
r→∞
αkrϕ(xkr) = lim sup
r→∞
αkr = 0.
That is, ϕ(y0) = 0 and so y0 ∈ Kerϕ. Since y0 6= 0, we obtain Kerϕ 6= 0. ¤
4.3 Berger-Wang Formula
It was shown in [12] that ρ(M) = r(M) if X is finite dimensional linear space.
This formula is called the Berger-Wang formula. Furthermore, it was shown
in [34] that the Berger-Wang formula is valid for precompact sets of compact
operators and for precompact sets of essentially scalar operators on an infinite
dimensional Banach space. We note that the Berger-Wang formula does not
extend to arbitrary, even two-element, sets of bounded operators. This was
shown by an example in [30], which was based on an example in [19]. See
also [21, Problem 1 J]. In this section we will show, in a special case, that any
collectively compact set of operators satisfies the Berger-Wang formula. To do
this, we first recall some definitions and introduce notation.
A chain of subspaces of X is a linearly ordered by inclusion set of subspaces. Γ is
a complete chain if for all Θ ⊂ Γ, supΘ = ⋃Y ∈Θ Y , inf Θ = ⋂Y ∈Θ Y , {0}, and X
are in Γ. A maximal subspace chain is a chain of subspaces that is not properly
contained in any other chain of subspaces. If F is any set of operators, then latF
is the collection of all subspaces that are invariant under all the operators in F .
Let Γ be a complete chain of closed subspaces of X.
For any Z ∈ Γ, let Z− = sup{Y ∈ Γ : Y ⊂ Z, Y 6= Z}, and let {0}− = 0. If
Z− 6= Z, then the pair (Z−, Z) is called a gap of Γ and the quotient Z/Z− is
called a gap quotient of Γ. The algebra of all operators preserving invariant all
subspaces in Γ is algΓ. If T ∈ algΓ and V = Z/Z−, then the operator induced
by T in V is denoted by T | V . Also, T | Z means the restriction of T ∈ algΓ to
Z ∈ Γ. The same notation will be used for sets of operators in algΓ. We define
the function gapΓ on Γ as follows: gapΓ(Z) = Z/Z− for all Z ∈ Γ.
It is well-known that a chain of subspaces of X is maximal as a subspace chain
if and only if it contains {0} and X, it is complete, and dimZ/Z− 6 1 for any Z
in the chain; see [26, Theorem 7.1.9].
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The following is Corollary 4.3 in [34].
Lemma 4.3.1: Let F be a finite chain of closed subspaces with {0}, X ∈ F and
M ⊂ B(X) be a bounded set in algF . Then
ρ(M) = max{ρ(M | V ) : V ∈ gap(F )}.
Let Γ denote a complete chain of closed subspaces of X.
Definition 4.3.2: Let algtΓ be the set of all operators T ∈ algΓ satisfying
dist(Tz, Z−) 6 t‖z‖ for any gap (Z−, Z) in Γ and all z ∈ Z. A chain F of closed
subspaces of X is called t-chain for M ⊂ B(X) if M ⊂ algtF and {0}, X ∈ F .
The following is Lemma 4.6 in [34].
Lemma 4.3.3: Any finite set M of compact operators in algtΓ has a finite
(t+ ²)-chain for any ² > 0.
Theorem 4.7 of [34] states that if M is a precompact set of compact operators in
algtΓ, then ρ(M) 6 t. Therefore, it is natural to ask whether this result remains
true for collectively compact families. The following extends this theorem to
collectively compact set of operators in algtΓ.
Proposition 4.3.4: Let M be a collectively compact set of operators in algtΓ.
Then ρ(M) 6 t.
Proof: Let ² > 0 be given. Let M0 ⊂ M be a finite set such that if T ∈ M ,
then there exists some Ti ∈ M0, i = 1, ..., n and some yj, j = 1, ...,m, ‖yj‖ 6 1
such that ‖Tx− Tiyj‖ 6 ² for x, ‖x‖ 6 1 for some i and j.
Since M0 is a finite set of compact operators in algtΓ, it follows from Lemma
4.3.3 that it has a finite (t+ ²)-chain F . That is to say ‖T | gapF (Z)‖ < t+ ² for
all T ∈M0 and Z ∈ F . We wish to show ‖T | gapF (Z)‖ < t+ 2² for all T ∈M .
Let T ∈ M and x̂ be an arbitrary element in the closed unit ball of V = Z/Z−
where Z ∈ F . Then x̂ = y for some y in Z with ‖y‖ 6 1. Then
‖T | V x̂‖ 6 ‖T | V x̂− Ti| V ŷj‖+ ‖Ti| V ŷj‖
6 ‖Tx− Tiyj‖+ ‖Tiyj‖
< t+ 2²,
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where Tiyj are chosen in accordance with collective compactness ofM . Since the
preceding inequality is true for all x̂ in Z/Z− with ‖x̂‖ 6 1, we have
‖T | V ‖ < t+ 2²
for all T ∈M . Thus
‖S| gap(Z)‖ < t+ 2²
for all S ∈M . Therefore, we have
ρ(M | gapF (Z)) < t+ 2²
for all Z ∈ F . However, for a finite chain of closed subspaces and a bounded set
M in algF , ρ(M) = max{ρ(M | V ) : V ∈ gap(F )}. Thus, ρ(M) < t+2². Letting
²→ 0, we obtain ρ(M) 6 t. ¤
Recall that a family M of operators is triangularizable if there exists a maximal
chain of subspaces of X each of which is invariant for M .
The proof of the following corollary is exactly the same as that of Corollary 4.8
in [34].
Corollary 4.3.5: Let M ⊂ B(X) be a collectively compact triangularizable set
of operators. Then ρ(M) = sup{ρ(T ) : T ∈M}.
As usual, Γ denotes a complete subspace chain.
Proposition 4.3.6: Let M be a collectively compact set in algΓ and ² > 0.
Then there exists only a finite number of gaps (Z−, Z) of the chain Γ such that
‖M | gap(Z)‖ > ².
Proof: Suppose, to the contrary, that the set F of all such gaps is infinite. For
every gap (Z−, Z) in F , pick T ∈ M and x ∈ UZ such that ‖Tx+ Z−‖ > ². Let
W be the set of such vectors Tx when (Z−, Z) runs over all gaps from F . Let Tx
and Sy be any two vectors in W corresponding to some different gaps (U−, U)
and (V−, V ). As Γ is complete, we may suppose V ⊂ U−. Then Sy ∈ U− and
‖Tx− Sy‖ > ‖Tx+ U−‖ > ². Since F is infinite, W is not precompact. On the
other hand, W ⊂MUX . Thus, W is precompact and we obtain a contradiction.
¤
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The following was proved for precompact sets of compact operators in algΓ. See
Theorem 5.4 in [34].
Proposition 4.3.7: Let M be a collectively compact set of operators in algΓ.
Then,
ρ(M) = ρ(M | Γ) = max{ρ(M | gapZ) : Z ∈ Γ}.
Proof: Let ρ(M) > 0 and t = ρ(M)
2
. Let F0 ⊂ Γ be the family of subspaces Z−, Z
for all gaps (Z−, Z) of Γ such that ‖M | gapΓ(Z)‖ > t. Put F = F0 ∪ {{0}, X}.
It follows from Proposition 4.3.6 that F is finite subchain of Γ. By Lemma 4.3.1
it follows that
ρ(M) = max{ρ(M | gapF (U)) : U ∈ F}.
Let (V, U) be a gap of F which is not a gap of Γ. It suffices to show
ρ(M | (U/V )) < ρ(M). Let
Γ0 = {Z/V : Z ∈ Γ, V ⊂ Z ⊂ U}.
Let (Z1/V, Z2/V ) be any gap of the chain Γ0. Then (Z1, Z2) is a gap of Γ and
‖M | (Z2/Z1)‖ 6 t.
Identifying Z2/Z1 with (Z2/V )/(Z1/V ), we observe that
‖M | ((Z2/V )/(Z1/V ))‖ 6 t.
Thus M | (U/V ) ⊂ algtΓ0 and M | (U/V ) is collectively compact. Thus by
Proposition 4.3.4, ρ(M | (U/V )) 6 t and so ρ(M | (U/V )) < ρ(M). ¤
Proposition 4.3.8: Let M ⊂ B(X) be a collectively compact set of operators
in algΓ where Γ is a complete subspace chain. Then ρ(M) = r(M).
Proof: It suffices to prove ρ(M) 6 r(M) whenever ρ(M) > 0. By Proposition
4.3.7, there exits a Z ∈ Γ such that ρ(M) = ρ(M | gapZ). Since gapZ is one
dimensional and ρ(M) = r(M) for all bounded subset of B(X) if X is a finite
dimensional linear space, it follows that ρ(M | gapZ) = r(M | gapZ). Since
r(M | gapZ) 6 r(M) by Lemma 7.5 in [34], we obtain the result. ¤
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5. RESULTS AND DISCUSSION
In this thesis, the invariant subspace problem is studied for certain families of
operators on Banach spaces and Banach lattices.
In Chapter 2, we prove that every non-zero locally quasinilpotent
compact-friendly operator on a Banach lattice with separating orthomorphisms
has a non-trivial closed invariant ideal. We then generalize it by using the concept
of compact-friendliness as follows: Every locally finitely quasinilpotent family of
positive operators on a Banach lattice with separating orthomorphisms, whose
commutant contains a positive operator which dominates an operator which is
dominated by a compact positive operator, has a common non-trivial closed
invariant ideal.
In Chapter 3, we prove that a locally finitely quasinilpotent multiplicative
semigroup of positive continuous operators on a Banach space with a Schauder
basis has a non-trivial closed invariant subspace. We then generalize our result to
topological vector spaces with Markushevich basis by using the notion of weakly
quasinilpotence.
In Chapter 4, we generalize invariant subspace results which are proven for
precompact families of compact operators in [34] to collectively compact families
of operators. We first show that ifM is a collectively compact family in B(X) and
the Berger-Wang spectral radius r(M) is less than one, then the multiplicative
semigroup SG(M) generated by M has an invariant subspace. Another results
in this direction are the ones which yield a common invariant subspace for
a collectively compact family M of operators if ρ(M,x) < sup
T∈Mn
ρ(T )
1
n and
ρ(M,x) < r(M) for some non-zero x ∈ X. Moreover, if the joint spectral
radius ρ(M) is exactly one and SG(M) is not bounded, we then show that M
has a non-trivial hyperinvariant subspace. In the final part of this chapter,
we consider a complete chain Γ of closed subspaces of X and show that if
M is a collectively compact family in algtΓ then we have ρ(M) 6 t. As
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a result of this, for triangularizable collectively compact sets M of operators
we prove that ρ(M) = sup{ρ(T ) : T ∈ M}. We also show that if M is a
collectively family in algΓ and ² > 0, then there exists only a finite number
of gaps (Z−, Z) of the chain Γ such that ‖M | gap(Z)‖ > ². By using this
result we obtain that if M is a collectively compact family in algΓ, then we
have ρ(M) = ρ(M | Γ) = max{ρ(M | gapZ) : Z ∈ Γ}. We finally show that
the Berger-Wang formula ρ(M) = r(M) holds for a collectively compact family
M in algΓ where Γ is a complete chain of subspaces. In view of the papers [4],
[16], and [22], the results obtained in this chapter may be adapted to collectively
compact sets of positive operators on Banach lattices.
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